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ABSTRACT 

Nobi, A., Hossain, M.B., Sultan, M.Z., Kibria, M.F.,   and Rahman, M.S.A. 2010. Determination of fractal dimension of the classical triadic 
cantor set and stochastic cantor set using monte-carlo simulation and comparison with analytical solution. Inst.eng.tech. 1(1):5‐8. 
 

Fractal dimension of the classical triadic Cantor set is determined using Monte Carlo simulation in which an  
interval [0, 1] is fragmented into three equal parts and the middle one is deleted every time from each segment. 
Fractal dimension of the triadic Cantor set was found 0.630. The fractal dimension of stochastic Cantor set in 
which the interval is fragmented into three equal parts but deleted randomly, varies from 0.65 to 0.68 at 
probability 1 and increases with decreasing probability. In addition, a general comparison of the fractal 
dimensions of the stochastic Cantor set in different probabilities is presented in this study. 
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INTRODUCTION 
George Cantor is best known for the Cantor set. He constructed a set that is self-similar in all scales. Magnifying 
a portion of the set reveals a piece that looks like the entire set itself. To construct the Cantor set, start with unit 
interval [0, 1], divide the interval into three equal parts and delete the middle one of the interval. The generator 
is then applied again to each of the two newly created parts and continues ad infinitum. The points which are 
never deleted in this process comprise the Cantor set. The set of points thus created in this process, is called the 
Cantor dust or set. Such a distribution of points certainly will not describe a line having dimension 1 nor it is 
just a point with dimension 0 and have very interesting value for its dimension. 
 

When Cantor discovered these pathological sets, it was believed that they were the purest form of mathematical 
invention. Never would they found application in natural world. But, after the invention fractal geometry they 
proved to be wrong. Today, we know that many natural 
processes produce such self-similar objects now called fractal. 
 

There have been many approaches (Baek., et al.1991, Cutler, 
et al. 1988, Edgar,1990, Falconer,1990, Rogers,1970) to find 
the dimension of irregular sets like Cantor set. There are 
different notions of dimension e.g. topological dimension, 
Housdroff-Besicovitch dimension (Rogers, 1970,Hansen et al. 
1996), similarity dimension, box-counting dimension, 
information dimension, Euclidian dimension, and many more. 
The Housedroff-Besicovitch dimension for the classical 
Cantor set showed that after the nth generation there are N=2n 
segments each of length ln= (1/3) n. The most convenient yard-stick S we can choose in this process is S=ln that 
we can to measure the size of the set. Now we have lnN =nln2 and lnS=-nln3 where D=ln2/ln3. 
 On the other hand the measure is defined as 
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This is the Housedroff-Besicovitch dimension since the measure diverges unless we choose 
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The fraction of 
3ln
2ln

   is known as the fractal dimension of the classical Cantor set. 

Kinetic counterpart of the classical Cantor set 
The kinetics of irreversible and sequential breakup of particles occurs in a variety of physical processes and has 
important applications in science and technology. These include erosion (Hansen et al.1996.], grinding and 
crushing of solids (Rednar, 1990), polymer degradation and fiber length reduction (Ziff. et al. 1986), break up of 
liquid droplets ( Shinnar, 1961) etc. The stochastic Cantor set is the ternary fragmentation will be potentially a 
very good candidate as it can describe the breaking into three pieces. In this case breaking an interval into three 

Figure 1. The process how cantor dust is 
created in case of triadic cantor set 
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pieces at each time step and remove one randomly. By solving analytically, it is found that the dimension in this 
case is ln2/ln3.  
 

Analytical Solution 
For the analytical solution we consider the fragmentation kernel  
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Where the two delta function will ensure that the three fragments produced are equal in size.  
The ternary fragmentation equation is  
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Substituting the kernel in to eq. (2) we get  
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Incorporating the definition of the nth moment into the above the equation we get the following rate equation for 
Mn(t)  
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We can easily find the n=n+ value for which Mn+ is a time independent or a conserved quantity simply by 

finding the root the of the equation, 0
3
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  Solving it one can immediately find that +== nn
3ln
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 so that 
3ln
2lnM  is a conserved quantity. 

The fractal dimension of the classical triadic Cantor set and stochastic Cantor set is determined by computer 
simulation. The difference between them is that in classical triadic Cantor set the interval [0, 1] is cut into three 
parts equally and delete middle one. In the second step, there will be two parts [0, 1/3] and [2/3, 1] and cut both 
intervals into three parts equally and delete middle one from both parts and the process is continued ad 
infinitum. But in case of stochastic Cantor set the interval [0, 1] is cut into three equal parts but deleted one 
randomly. In the next step from the two interval [0, 1/3] and [2/3, 1], one is selected by generating random 
number and cut into three equal segments but delete one randomly from the segmented part.  
By Monte-Carlo simulation the dimension of classical triadic Cantor set has been determined. Fractal dimension 
of stochastic Cantor set and how its fractal dimension varies with probability also done by simulation.  
 

Monte- Carlo Simulations 
Computer simulations using random numbers are called Monte Carlo simulations, after the roulette tables of the 
Mediterranean casino. Monte Carlo are calculations in which random numbers generated by the computer are 
used to simulate naturally random processes such as thermal motion or radioactive decay, or to solve equations 
on the average. This faster simulation method is very important in non-equilibrium statistical mechanics. Many 
sophisticated problems such as random sequence adsorption, aggregation, fractal, percolation (Newman, et al. 
2001) etc. has been solved using this simulation technique. To perform a computer instruction with a probability 
p one calculates a random number ‘r’ between zero and unity, and then follows this instruction if and only if r 
<= p. We produced such random numbers by drand48 library function. 
 
ALGORITHM 
Classical triadic Cantor set 
 

To create classical triadic Cantor dust algorithm, the steps are given below: 
In this cantor set the interval [0, 1] is divided into three equal parts and middle one is deleted according to 
probability. For example, at first step there are three intervals [0, 1/3] [1/3, 2/3] [2/3, 1] and middle one is 
deleted by generating random number. If the random number is equal or below to the specified probability says 
0.8, then the middle one will be deleted. The rest of the interval is [0, 1/3] [2/3, 1] and both parts are divided 
into three equal parts. The middle one is deleted from both parts and ad infinitum. A schematic diagram of 
classical triadic Cantor set is given in Figure 1. At each step the mean size of the segments and the number of 
segments are calculated. 
 

Stochastic Cantor set 
To create stochastic Cantor dust algorithm, the steps are given below: 
• At first an interval [0, 1] is divided into three equal parts.  

Nobi et al. 
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• A random number is generated between 0 to1 and it determines which part will be deleted. For example, 
consider the random number 0.233 and this number is in the interval [0, 1/3], so this interval will be deleted. 

• The interval will be deleted on the basis of probability. If the random number is in below or equal to the 
specified probability says 0.7, then this part will be deleted or not.  

• In the next step from the rest of the two intervals one is selected by generating random number and this 
interval is divided into three equal parts and one from the segmented part is deleted randomly but not from 
other interval.  

• This process is continued ad infinitum. A schematic diagram of stochastic Cantor set is given in Figureure-2. 
The mean size of the segments and the number of the segments are calculated at each step.  

 

RESULTS 
 

The log of number of segments vs. log of the 
mean size of the segments is plotted and then 
by measuring average slope, fractal dimension 
of the classical Cantor set is determined 
shown in Figure-3. Theoretically the 
Housedroff-Besicobitch dimension of the 
classical triadic cantor set is found to be 
0.63093. By simulation, we have determined 
the same result. The program is run in many 
times until the creation of Cantor dust. 
                        
Figure 4 shows the log of the number of 
segments vs. log of the mean size of the 
segments and then by measuring average 
slope, fractal dimension of the stochastic 
Cantor set is determined. Theoretically, it was 

found to be 
3ln
2ln

 which is equal to 0.63093. 

We have got fractal dimension equal to 0.6725 
at probability 1 by simulation shown in Figure 
-6 and also observed that the fractal dimension 
vary from 0.65 to 0.68 at the same probability. 
 

The deviation from theoretical value is due to 
randomness of the process. Since the system 
is totally probabilistic, there will be a variation 
of result at the same probability 
         
By comparing fractal dimensions with 
different probabilities as obtained from 
Figure-5 and Figure-6, we see that fractal 
dimensions increases with decreasing 
probability. This means that at a small 
probability the deletion of the segments 
become lower and as a result fractal 
dimension increases. At probability 0 the 
fractal dimension is 1 and at probability 1 
fractal dimension is 0.6725 which is observed 
from Figure 6. 
 
 
           

Figure 2. Stochastic cantor dusts 

Figure 3.  Fractal dimension for classical triadic cantor set 

Figure 4.   Fractal dimension for stochastic cantor set

Determination of fractal dimension of the classical triadic cantor set and stochastic cantor 
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Figure 6.  Variation of fractal dimension with probability

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
The number of the segments and mean size of the segments of the Cantor set is determined and plotted by 
Monte-Carlo simulation. Fractal dimension of classical triadic Cantor set obtained by simulation is matched 
exactly with the theoretical result. In case of stochastic cantor set where the intervals are deleted randomly, the 
fractal dimension varies from 0.65 to 0.68. Theoretically it was found to be 0.63. The deviation from the 
theoretical value is due to that in simulation only one segment is chosen from different segments in each step, 
cut equally into three intervals but deleted randomly. So in each step a big segment always remain and as a 
result, fractal dimension increases.  
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Figure 5. Comparison of fractal dimensions in different 
probabilities. ‘f1.dat’ ‘f2.dat’ ‘f3.dat’ ‘f4.dat’ file is for the 
probability 1, 0.9, 0.8 and 0.7 respectively 

Nobi et al. 


